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ATTRIBUTION OF CLIMATE CHANGE TO THE EXTREME SNOW FALLS OF MAZANDARAN PROVINCE (stochastic climate modeling using Lorenz-63)
Abstract

The aim of this study was to do attribution of climate change to the extreme snow fall of Mazandaran province in the northern part of Iran and southern shores of the Caspian Sea in the vicinity of Alborz mountains. The area is not prone to extreme snow fall or even snow fall then this phenomenon has had great damages to the infrastructures of the region. The study is performed on the time interval of 1987-2017in winter time (DJF). Corresponding calculation is done for two parallel worlds of counterfactual i.e. without external forcing and factual with external forcing in the context of stochastic climate modeling. This is done by the chaotic dynamical 3-D model Lorenz-63. Then the two worlds of study are defined on the basis of LM-63 and SLM-63 as deterministic and stochastic climate models. Fakher- Planck equation had the role of implementing time evolution of the PDF into the modal. The conditional probability and Bayesian framework is the preliminaries of the method of this study. The model is belonging to the space state models and Bayesian recursive estimation. These all is the basis of the EnKF as nonlinear filtering approach to the nonlinear dynamical model of this study. It is tried to bring down all the related situation associated with the issue on the basis of sound mathematical, epistemological and physical foundations. All the computations are done on the environment of GIS, Matlab, Mathematica and Maple. Then causal theory of pearl (2000) is used as the evidence of verification for the whole process. The final results showed that the extreme snow of Mazandaran province is attributable to the climate forcing defined for the study 0.8978 in its PN causation, 0.1942 in its PS causation and 0.4519 in its PNS causation. 
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Introduction 
One of the main reasons why we are interested in studying rare events is because they are usually associated with unwanted incidents of high-potential environmental, social, financial, infrastructural, or technological impacts [1]. The regular weather patterns come to be irregular and intense. Then devastation comes along. Is that a common event in the climate system? is that a human induced one?

Extreme snow in a region such as Mazandaran province of Iran is not a regular event in winter time. Although having snow fall on that region is a very rare event. However, in the south mountain areas of the province snow fall is a common winter time precipitation. There exists no universal definition for the extreme snow fall but it is defined by the AMS in amount of ~5 inch [2]. That is this amount is severely affected by the geographical and geomorphological properties of the region of interest. Extreme events study is an active area with several different approaches specially in the context of detection and attribution research. As other branch of research field it also uses primary definitions, Propositions, theorems and concepts. Since the language of nature is mathematics then the language of the climate change and its detection and attribution of extreme events is also mathematics. in general, in a correct physical manner then define the mathematical terms also in a correct manner and after that solve the proposed problem with a suitable solution. This is a common way in solving physical problems and climate system which basically is a physical system. In atmospheric sciences the is no laboratory to do your experiments but your model [3]. Then establishing a climate and weather model is in a primary importance in the context of extreme event attribution field. 

 The climate system is a highly complex physical system [2] and also is an open and extended system not a closed system [4] then it is in active interaction among its sub-systems and its surrounding as a planet. therefore, Hamiltonian dynamical system of equations is not allowable for such system [4]. In fact, as far as this study seek in the literature and other sources the moving from current generation of climate models to the models based on modern physics foundation instead of classical physical foundations is on progress. 

All of the fundamental discussions brought about here are done for the aim of climate system modeling at first which has a general view as well. This also is the case for the whole work. The reason is that this study used a modern view and a new approach of extreme event attribution. Then the properties of current climate models are not compatible with the situation defined for this case study as particular and the whole climate modeling in general. So then, climate system is a chaotic, dissipative, non-equilibrium, probabilistic (because of its intrinsic Brownian motion) and then stochastic physical and dynamical system. And in addition the case of this study i.e. extreme snow fall of Mazandaran province is also a random rare event by its own. Consequently, the approach of extreme event attribution in this study is fundamental at first place then this foundation is used to establish the method of the study in section three. The method can be classified in data assimilation approaches.

section 3 is on the basis of the method at first. The went along with the fundamental mathematics. The foundation of physics of the model. The description of the little 3-D deterministic model which made the counterfactual world and factual world with additive white noises. 

The causality of Nietzsche (1888) and pearl (2000) combined in sections 2 and 3 to bring us the concept of "causal attribution of extreme event" to this study [5,6]. It is tried to properly connect the whole theoretical and practical process in the case of extreme snow fall of Mazandaran province

2.Theoretical background and literature
2.1. Basic properties of climate system as physical system
 According to IPCC (2014) the climate is the highly complex system comprising five principal components: the atmosphere, the hydrosphere, the cryosphere, the lithosphere and the biosphere. interactions between these components makes the climate system to work [2]. The climate is a dynamical system because it evolves in time. This evolution is influenced by its own internal dynamics [8,9]. Also it is inspired by external forcing. These forcing include volcanic eruptions, solar variations and anthropogenic forcing. The most prominent human induced changes are perturbations in atmospheric composition and land-use alteration [2,7,8]. Considering this sort of chaotic system requires definition of uncertainties which "arise not only from initial conditions and forcing scenarios, but also from model formulation" [10,11]. In a current work "climate scientists themselves recognize the need for work on the theoretical foundations of their discipline" [10,]. According to [13] the prediction ability of the whole climate system, is hindered due to deficiency in current governing physical principles. Based on [10,13] the more efficient way to deal with this problem is defining suitable notions for studying different branches of climate science.

 Palmer (1999) based on a dynamical systems perspective, says that, the climate change refers to fluctuations in climate system attractor which fallouts from external forcing [8]. Although the most prominent definitions of climate change are statistical/mathematical but, Hegeral (2010) in a comprehensive notion view the climate change as "any multi decadal or longer alteration in one or more physical, chemical and/or biological components of the climate system" [14]. Therefore, the notion of climate change is closely related to the notions of climate regime [10]. However According to Wallace and Hobbs (2006) climate feedback is an internal process of the climate system that able to intensifies and diminishes the initial effect of external forcing or internal variability. Actually it is ( [image: image2.png]> fi



 ) that indicate climate sensitivity ([image: image4.png]


 as feedback factors)[7].That is we say that the feedback factors are additive.

In the case more one feedback factors, on the basis of total derivatives the climate sensitivity also considers other auxiliary variables (yi) therefore expand the above climate sensitivity equation by the chain rule as

[image: image6.png]ar _ ot oT 0Y;
aF _ aF @ “igy, oF



                                                                                 (2.1)                                                

These sort of definitions are able to offer an appropriate general mathematical characterization for climate sensitivity. Also as previously noted, they satisfy climate’s response to additional radiative forcing. Although these also might depend on the conditions of the climate system [12,15]. But still the characterization of a particular state is subject to question. Although generally it seems that easily you could found footprints of different sort of dependence in all of different kind of notions [11].

According to the IPCC (2014) most knowledge about climate variability come from experiments in numerical models [2]. The basis of our inference is basically the equal boundary conditions for historical data and model run, in addition to considering variations in accordance with seasonal variation and climatological mean in a year by year scales. There exist totally two kind of variability; external an internal [11,15]. Internal variability is referred to natural variability of the climate system and external to additive forcing(anthropogenic) to this natural process.    However, in methods such as fingerprint approach- as the key approach for attribution of climate change- we assume both of them as additive components of the total climate variability [15,16,47]. In fact, it attributes observed variability to the sum of all external and internal forcing. According to such methods, internal variability occurs in the condition of nonexistence of external forcing, then hold them constant [17,18]."Detection of change is defined as the process of demonstrating that climate or a system affected by climate has changed in some defined statistical sense without providing a reason for that change" [14]. An identified change is detected in observations if its likelihood of occurrence by chance due to internal variability alone is determined to be small [11,19,21]. Attribution is defined as "the process of evaluating the relative contributions of multiple causal factors to a change or event with an assignment of statistical confidence" [20].

2.2 complexity of the climate system

However, in above notions and prepositions which are based on the deterministic view and framework for the climate study, modeling, attribution etc., the place of notions of complexity for the climate system is absent [8,22,47]. Mathematical description and consideration of the climate system needs to a sound physical foundations since it is the physical process in the system which initiate the whole process and data we speak about. It is clear that the system is so complex but having a sounder physical definitions give another view of the system apposite to the current view which is more based on the Hamiltonian system lucarini et al (2014). This system is based on conservation laws, equilibrium point and determinism. In contrary the modern view is on the non-equilibrium, non-conservative, stochastic (randomness). The system is also chaotic and complex; the former means showing strange and abrupt behavior and the later means having unreachable details. In mathematical point of view, the vital notion of chaos is defined as the sensitivity to initial conditions for a set of differential equations which also causes unpredictability. This can be shown by the lyapunov exponent over the time evolution of the system [23,24].

2.3 epistemological roots 

This study epistemologically is based on the Casual Counterfactual theory for the attribution of weather and climate events. Although roots in traditional cause and effect theory [1,5,25]. However, for dealing with the deficiency of clear semantics for defining or interpreting causal factors this study is depends on ideas of Nietzsche in its scientific evaluation methods [5].

2.4 the region 

Mazandaran located along the southern coast of the Caspian Sea and in the contiguous with the central Alborz mountains. Mazandaran province is one of the north states of Iran, actually in central-northern with approximately 24000 km2 or more precisely 23,833 km2 (9,202 sq mi) lay between 35:47 and 36:35 latitudes and 50:34 longitudes. From the north it reaches Caspian Sea and from the south to Alborz mountains. The populous region with 3,073,943 people [26,27,28,29]. The existence of the Caspian Sea has a large effect on surface air temperatures in region of the study due to its thermal inertia of the sea leads to, temperature decline in summer time and increase it in winter time. "These temperature differences impact on surface cyclogenesis through their associated pressure signals"[30,31]. The region belongs a "diverse nature" along with plains, forests and snowcapped Alborz mountains. The Alborz mountains similar to a enormous wall enclosed the coastal strip and plains. The dominant winds are northern and eastern [26,29]. Snow falls often occurs in mountainous regions, which originate several parallel rivers and streams run to the sea, unlike the rest of Iran. The rivers actually separate the lands into many isolated valleys. The regional climate is moderate and subtropical with an average temperature of 25 °C in summer time and about 8 °C in winter time. Although heavy snow fall may occur in the mountains in winter, but is rare at sea level and the downhill plains. (Figure 2.1) show the relief map of the region [28,26].

[image: image7.emf]
Fig2.1. The relief map of Mazandaran province

Therefor the climate is under the influence of the latitude, sea level elevation, Alborz mountains distance from the sea and also the dry and cold barren areas of Turkmenistan in south east and local air currents like sea breezes and winds along with the versatile vegetation cover [30,31]. 

3. data and method

3.1 Data
Since this study has general view to the considered problem, the general types of parameters has selected. These data are included in mean temperature, net radiation flux and the snow fall data as snow equivalent water from NCPT-NCAR reanalysis (2) series of data. The period of study i.e. the time interval has been selected for 30 years of DJF from 1987-2017.The net radiation flux is calculated as radiation at the surface. Then for simplicity and saving time of the study ground level was selected. Ground level since the parameters of the study was temperature (air) which is sensed up to 2 meter from ground while the net radiation flux which is calculated by the four series of data from the equation of Net radiation flux (Rn) [32,15].
 Rn = SW↓ − SW↑ + LW↓ − LW↑ 

  This selection for the reason that the net radiation at the surface is the result of a "combination of different radiative processes" and directly effects the temperature (air) which also is one of the main driver of the climate system and atmosphere [32,33]. Another reason is that they are general parameters and is suitable for the up to down view of the study. The region had to be in greater scale since   the resolution of raster data (1.75 [image: image9.png]


 1.75). therefore, the region selected to be among the N 35; 45 and E 25; 65 as below figures (1-3). This is done for three corresponding parameters. However, having global scale is more efficient then having a box but this is done for simplicity and having lower computation cost. 
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Fig.1.3- 4 daily mean temperature (air) (K) for coordinates of 25E;65E and 35N:45N and level of 2.00. time range: Jan 1 1987 to Jan 1 2017. Max= 295.977 and min= 278.727. (NCPT/DOE AMP Reanalysis II). This map is brought down hear as an evidence of the region of the study and also the total distribution of selected parameter (air) in all of the period. Mazandaran province as the dabbed name of the tittle of the study is located in the sought part of the Caspian Sea.

Because of technical problems of the Mazandaran weather stations specially to give a comprehensive temporal and special coverage of the whole region the study forced to use satellite data for this case of study. And because of simplicity to access and also for more time interval the parameters are selected from NCPT, most of them from NOAA satellites. 

3.2 Method 

3.2.1 The basis of the method

  According to Landau in the book of statistical physics (1970), Relaxation Time is "the time within which the system reach to its statistical equilibrium"[34]. Since the climate system is an open system so its relaxation time cannot be defined easily. This is one of the reason of selection, of the two parallel worlds instead of a fairy long time such as 100 years and then divide it in two periods. This study is done in two parallel worlds of factual and counterfactual. They are considered and compared instead of having a long time of unseen data which are prepared more based on mathematical functions and relations and not on the real observation. In the common way this issued that according to the law of large number and in enough long time the system reaches to it equilibrium i.e. uniformly spread of its particles but it is not the case always as Boltzmann propose in its box model of the universe which says equilibrium is not the end fate of the system so there exist recurrences over and over again which also called Poincare recurrences in a long enough time. So this is the universe with random fluctuation.so predict by the fluctuating random past then what is the most likely event that formed out of chaos so the question is what is the most probable event which made out of chaos. However, in the new theory there is no reverse at all and thing happens at one then go on and so forth [35,24,36,47].
Extreme snow precipitation for a region with moderate climate is a rare event. Therefore, it belongs to the realm of probability not frequency. According to [24] the first step is to found a "mathematical framework (naturally a probabilistic framework) where the meaning of rare event becomes precise". Then a suitable notion. Therefore, it is natural setup a probability space χ fitted out with a 𝜎-algebra, β of events and a probability measure P designed to quantify the probability of the occurrence of any event A ∈ B. Bernoulli distribution says a discrete probability distribution whose PMF is equal to P (X = 0) = 1 p and P (X= 1) =p has a binomial distribution B(1,p).here 0 as a fail and 1 as a success. Although according to [1] we can call it y=1 and y=0. here Y is defined result of an observed extreme situation in excess of a threshold (u) of a relevant climate index (Z), both in a large extent. According to Stone and Allen (2005), evaluating these extents to base on external forcing, mathematically f ∈ F has p(Y). This is the initiative point for factual (with external forcing so natural) and counterfactual (without external forcing so not natural) in extreme event attribution study. Therefore, if p1 = P(Y = 1|[image: image12.png]


 = 1) indicates factual conditions, even though p0 = P(Y = 1|[image: image14.png]


 = 0) specifies counterfactual conditions. This by itself defines the FAR (Fraction of Attribution Risk), [image: image16.png]FAR=1-2



[5,1,17] .

The fraction specifies the amount of likelihood for an event that is attributable to the external forcing (F). Stott et al. (2004) interpreted the Causal factors of European summer temperature anomalies based on FAR and its uncertainty, associated with model and sampling errors, as there exist a very high likelihood that anomalies more than a threshold of 1.6°C is attributable to human induced external forcing [5,1,10]. this conventional frame work stem in the standard theory of causality. Although there exist several definitions of causation depending on   counterfactual logic, pearl (2000) and [1]. It is still based on conditional probability of 18th century but just extended within the probabilistic and graph framework of casual counterfactual theory. Actually this pave the way for the application of counterfactual methodology to actual datasets and then reliable causal inference [11,37]. According to [5] there exist a conspicuous shortage in this context in the current literature. For our aim (attribution of extreme snow falls of Mazandaran province in near-real time view) we need two worlds to compare probability of occurrence. We call them factual and counterfactual as usual in the context [5]. the former with external forcing and the latter without. This process performed "in an ensemble of model simulations representing the observed climate condition" which simulate probability of occurrence of the event in the factual world which is the real world with the probability of occurrence of the same event in the parallel ensemble of model simulations which is the none real alternative world. Ensemble in word means a bunch or a group. Here means a set of simulated climate conditions. Its roots turn back to the statistical physics and specially to the classical statistical mechanics and the theory of Canonical ensembles and also its usage for the Gibbs ensembles [34,36,37].

3.2.2 the brief description of the model 

The system of equations in (3.1) is a 3-D dynamical system. Originally Lorenz equations were derived by Saltzman (1962) as a truncated model of thermal convection in a box.
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    (3.1)                                                                                                                    

 For more information, [8,37,38,39,40].

As we said before we have two worlds to consider Factual and Counterfactual. Also we defined these two worlds by the Lorenz 3-D model of 63 then said that these two modeled worlds must be computed numerically because of our long time of ensemble of simulations. Now let's turns back to that point and continue with the more fundamental and practical view [38]. The Random noises we added to our three ordinary differential equations were Independent, and Identically Distributed (i.i.d) with zero mean which is dabbed as white noise. White noise is a time series with the same variance of its variables and also with the zero correlation with other values in the series [24].

This roots in the randomness of process of the study which is mentioned before as well. Here we say that actually this is the well-known Brownian Motion which almost all of this sort of process and framework is come from which also known as winner process. The former in the microscale of the matter and the latter in the probability theory [40,41]. The Fokker –Planck equation gives time evolution of PDF of a system. There exists a connection between the FPE and SDE which is now made by adding random white noises to the former ODE. This is because f(y(t)) has a conditional probability density, p (y, t | y0, t0). This PDF commonly calculated as the numerical solution of associated the FPE. In fact, it is the mean over Ω of the sample measures obtained for each realization ω of the corresponding noises of the related SDE.As the essence of the framework is on the conditional probability the stochastic process explained by it which satisfy the corresponding FPE is actually identically equal to SDEs of the Ito calculous [39,41].

For this purpose and the aim of this study we must consider the external forcing and the intensity of the it [5,15]. Therefore, the previous chaotic dynamical systems must accept some noises. These random noises supported by the random attractor of stochastic Lorenz model [SLM] which can be represented as the following three SDEs:
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                                                                         (3.2)                                                                                           

Then the previous deterministic model is perturbed by linearly multiplicative noise in the Ito sense, with Wt. a Wiener process i.e. the stochastic forcing which is a stationary white noise process as mentioned before and v > 0 the noise intensity (0.5 in this study). The [image: image24.png](61.6,.63)



 is identified by equal values of √(1/2). The other parameter values are the same as original LM-63 [42,43,24,49,50,51]. Consequently, this leads us to our factual world with its corresponding random noises. There are several analytical and numerical methods to solve Stochastic Differential Equations. However According to [24,43,35] the traditional and most important are the Ito and Stratonovich calculi. These also called as Ito SDEs and Stratonovich SDEs. All of this sorts of studies seeking for gaining a numerically stable model by adding some damping as in this case of study [44,35]. According to [24] using data assimilation methods in the evolving realm of stochastic climate model is a frontier of this sort of studies as " this increase the ensemble spread" which this by itself gives better adjustment between observations and model forecast. Although the Kalman filters are among the most used. For the aim of this study and also for gaining more exact results nonlinear Ensemble Klalman Filter is used here Among other KFs. Although, it has strong background in the literature of the study as it is based on Bayesian framework and conditional probability and also on the hidden Markov process [44,48]. As it is mentioned before KFs are belongs to the data assimilation techniques. Thus it's better to give a brief overview of the issue as kernel of the study.

3.2.3 The ensemble Kalman ﬁlter (EnKF)
This method was published for the ﬁrst time in Evensen (1994). The significance is that here, true covariance matrix in the KF is replaced by the sample covariance matrix computed from the ensemble. This is in accordance with our dynamical model with its Hamiltonian and canonical distribution of its vectors. EnKF tolerate an ensemble members or an empirical amount of samples. As in the case of canonical ensemble in classical statistical mechanics here the size of an ensemble is chosen much smaller than the amount of states which is needed in large-scale dynamical systems. Moreover, as EnKF is an approximation using Monte Carlo method the selection of these ensembles are random and not deterministic. In fact, these ensemble members are samples from the pdf of the true state. This last property completely answers to our need to a stochastic computation [45,46]. 
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                                                                                    (3.3)

For algorithm of EnKF please refer to [45,46] can be represented as below which makes the final clarification. 

4. description and interpretation of results

4.1 initial calculations

In the nonlinear system of three ODEs the Lorenz-63 model yielded us the required counterfactual world. The reason is that the forcing we need as a driver is existed explicitly in the model. And also that is because the model is derived and truncated from Naiver–Stock equations as illustrated in section 3. This was accomplished with the initial condition provided by the prepared PDF of parameters of mean temperature, net radiation flux and snow falls (snow equivalent water) for the DJF of 1978 to 2017. However, for an initiative testing it is preferred to do a simulation with the original data sets at first and also for curiosity. The resulted graph had shown interesting fractal structures. Seemed more strange than usual strange attractors of LM-63. This has done as bellow. 

The preparation of data was performed by GIS system of software. Then the resulted raster data yield us three sequence of DJF for the required 30 years of observations. Note is that for the fact that our parameters of causation are the net radiation flux and temperature (air) (in daily mean) the ground level was selected. This is also due to time and space saving of the study. This can be case for the other future researches.  Theses selectin of time interval is usual in climate studies but as it is said in the end of the chapter 3 this also seriously subject to question as who one knows the relaxation time of the climate system to say that after 30 years of time interval or even more or less the system reach to its equilibrium point even generally?!however for instance in [13] or identical research tried to measure the return time of the climate system mainly by the CO2 radiative forcing which yield 25 to up to 125 years which has a great time uncertainty. The common approach of treatment with a deterministic model of ODEs are implementing numerical method instead of analytical methods because of practicalities that mentioned in chapter three. The first experimental step was the testing the model for all 10000 days of the period on the 3-D Lorenz-63 system. For this purpose, the Runge-kutta numerical method solved the system of equations in 4th order. The resulted graph of the model is as below (Fig.1.4).
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Fig 4.1. the resulted realization of the LM-63 model by implementing the Runge-Kutta method in 4rt order. The values for the initial conditions of the three vectors of (X, Y, Z) are gained by the prepared data sequences by GIS environment. Note that the two graphs are the same just with the different view. Also note that the central part of the graph is the common strange attractors of the LM-63 then the exponential and circular part of the is deviated from the main part. The symmetrical behavior of the model is also identified by the zero value at the center. The x axis is corresponding for the mean temperature (k) (air) up to 2 meter from the ground (from -300 to +300 k), the y axis is belonged to the snow depth (Inch) and the z axis is for the net radiation flux Wm2 (from -300 to +400). However, with the changing in the place of the values or even the amount of them there was no change in the shape of fractal structure of the graph.  

 Fig.4.1 showed the primarily resulted graph of the 3-D lorenz-63 model for the 3 parameters of temperature (air), net radiation flux and snow equivalent water (snow depth wo). The time interval is equal to 10000 days of all the period of study. The chaotic behavior of the system is clear. Also the exponential behavior after final deviation is made because of fluctuation of lyapunov exponent. That is lyapunov exponent identify the expansion of the stage attractor fractals. Also it is showed that the exponent is positive i.e. λ>0. The time evolution for this exponent is presented in the figure (4.2).
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Fig. 4.2 the time evolution of lyapunov exponents corresponding to the dynamical trajectories for 30 years of the whole period of the study which is an evidence of the chaotic and exponential geometry of fractal structure of the simulated model of LM-63 by thee initial condition of the original data.
This guaranteed the chaotic behavior of the system and then of the parameters which defined the required vectors or sets of values. The Δt =1 for each day of the whole period then it is the number of time increment in the model. The resulted graph of figure (4.1) is illustrating a world without forcing and just with the internal variability. please note that this is just the experimental performance on the LM-63 model by the original set of data while the LM-63 and SLM-63 is performed by the corresponding PDF (FPE) values. The latter is on the foundations of state space models and discrete nonlinear models with additive white noise along with the "recursive Bayesian state estimation" as the most fundamental [86,96]. 

4.2.  SLM-63 and LM-63 as parallel factual and counterfactual worlds.

The parallel LM-63 gives us the counterfactual world and solving with EnKF give us an optimal solution for the large dynamical system such as the system of this study. From the figure (4.3) the fact of growing amount of the net radiation flux at the surface is clear. However, as it is showed in the graph, when the net radiation flux has the higher value the snow precipitation and the mean temperature(air) are experiencing their lowest values! This point can also be a topic for the future.  
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Fig.4.3 – the time series distributions of original observations for three parameters in winter time(DJF). The blue line is the time series distribution the snow precipitation (equivalent water of snow depth). The orange line for the mean temperature(air) and the green is for net radiation flux as the causing force for the extreme snow in the region of study. It is identified from the graph that however the primary days the three line are moving along with each other in the middle of the period the radiation line diverge from the normal line and has very high positive value while the two others are experiencing a moving along path approximately.

There was a need to transform above distribution to a PDF distribution of three parameters. This is calculated by the kernel density smoothing since it treated as an integral transformation. The resulted graph is represented below figure (4.4).
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Fig. 4.4 PDF distribution of the three in used parameters i.e. blue line for snow depth equivalent water, the green line for net radiation flux and the orange line for mean temperature (air). the initial conditions for the corresponding FPE of the model is derived from this distribution.
For the counterfactual part the LM-63 with the initial condition of PDF of observations (figure.4.3) is executed. Which showed little dense fractal structure that is because of the initial condition values which here were the values of PDF of observations(Fig.4.4.). However, in the previous condition(Fig.4.1) with the changing in the place of the values or even the amount of them there was no change in the shape of fractal structure of the graph here with a change in value you have another fractal structure.For the factual world however there was a need to add white noises to the original LM-63 to make it SLM-63. The white noises were with Gaussian distribution with zero mean and known deviation. The graph of the noises is as bellow, figure (Fig.4.5).

[image: image34.emf]
Fig.4.5 - the graph of white noise process that has the role of making the perturbation for the SDEs of the model.as it is clear the distribution of the noise process is a Gaussian distribution which is centered at (-1) to (+1). These noises are the correspond to the generation of random attractors in the SLM model.

The noises in the figure (4.5) are uncorrelated namely their covariance is equal to zero. This help to have a Gaussian distribution for the mutually exclusive noises. However, the nature of intensity of noises may or may not be Gaussian retribution but the results of the filter is fairly promising in this study and also in several identical cases [66,93]. Although the reason of this success is not clear yet. To realize the counterfactual and factual corresponding PDF(FPE) the EnKF is implemented on the LM-63 with its unperturbed FPE and also on the perturbed SLM-63 as the counterfactual and factual worlds. In fact these are the realization of[image: image36.png]
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. Then are showing the probability density of three defined parameters in counterfactual and factual (left to right) worlds respectively. In this respect the graph can be interpreted as he resulted graphs of the model in the forecast/measurement state are as below in Figure (4.6).    

[image: image39.jpg]



Fig 4.6 - two graphs of the resulted LM-63 and SLM-63 left and right respectively for the forecast step. These graphs are produced by the PDF(FPE) values of the Xt and yt . the symmetric behavior then equilibrium manner of the counterfactual world is showed in the left graph and the non-symmetric behavior then non-equilibrium manner of the factual world is showed in the right. The less dense graph against the figure (4.1) is because of the truncated and transformed data as PDF as initial condition and also for the added noises in the factual world. This also caused for the predictability and less chaotic behavior of the factual model than counterfactual model. The important result of the graph then is the power of SDEs system of equation and also the Bayesian nonlinear filtering as EnKF. In fact, this is the forecast step of the ensemble kalman filter. 

Here the task was this; associate a label [image: image41.png]w € D(wg vy)



. This derive the stochastic model in the context of EnKF and the related SLM-63. The role of these noises were to perturbed the observation or measurement in the SDEs system and propagate the system in its evolution interval. However, the time is implicitly implemented to the model by the model itself. The SDEs which produced this result is solved actually by the EnKF's intrinsic conditional probability and it roots in the Bayesian produced (chapter 3) random process. Here the strange attractors of the previous model with the original data turned to the random attractors which is perturbed and produced by the stationary white noises with the covariance given by identity matrix i.e. Q and R. The [image: image43.png](61.6,.63)



 is identified by equal values of √(1/2) as the intensity of forcing and [image: image45.png]g(v.w) =0.5



. The significant point of these two figure is the fact that for the counterfactual world we encounter with the PDF in the equilibrium point and that showed that reaching to equilibrium and have internal variability and predictability with the current deterministic approaches is in the condition of having a system without external random perturbations while it is impossible. In figure of SLM-63 we can see the non-equilibrium nature of the PDF which by itself identified the dissipative, random, and also chaotic nature of the climate system in our general view. The forced ODEs system of the above deterministic chaotic model turned into SDEs system of equation by adding [image: image47.png]
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of white noises. Here the task was this; associate a label [image: image51.png]w € D(wg vy)



. This derive the stochastic model in the context of EnKF and the related SLM-63. The role of these noises were to perturbed the observation or measurement in the SDEs system. Also it must be note that the SDEs system defined in this study is stationary .it means that the PDF (which here is the FPE actually) of the state vector i.e.  Xt has no dependence on the initial condition after sufficiently long time t namely initializing step at X0 and also on the t by itself. This PDF (FPE) is the mean over [image: image53.png]


 of the sample measure is calculated by each realization[image: image55.png]


 (solution in this context) of white noises mentioned above ([image: image57.png]W Vg



). The graph of the noise process for 2700 days is identified in the figure (4.5). About the SLM-63 system each sample measurement is supported by a random attracter instead of deterministic attractor or strange attractor of LM-63. This attractor has a fine structure (fractals) and was also dependent on time. But this PDF(FPE) of the unperturbed Lorenz-63 as showed in (Fig 4.1) was for counterfactual world has showed the strange attractor or Lorenz attractor smoothly.in the factual world however the nature of the PDF is identical but its fractal is affected by the forcing parameters.

4.3- Conclusions of the implementing EnKF for two parallel worlds

This step is the calculation of the PDF (FPE) for the models of LM-63 and SLM-63 corresponding to the counterfactual and factual worlds showing forecast step in the algorithm of EnKF in the context of Lorenz-63. The trajectories in the previous graphs are made by initial conditions od PDFs of the three parameters of mean temperature, net radiation flux and snow equivalent water. The kernel density estimation (K (x, t)) is applied to the ensemble of simulation obtained from forcing to estimation of the corresponding PDFs. As mentioned in chapter 3 the whole process of SDEs analysis needs integration either analytical or numerical then there is need to integral equation and the transformations. The EnKF are doing this task here and yield numerical integration to the SDEs system here. These results are explained in the following by two trajectories in figure (4.7). these trajectories are showing the evolution of the simulation in the ensemble space through the observation time interval. Note that this evolution in time is corresponding to the LM-63 and SLM-63 as the counterfactual and factual worlds respectively.  
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Fig. 4.7 - the trajectories for the forecast step of LM-63 (red) and SLM-63(blue) in comparison with each other. The time is in years to have more smooth trajectory. The trajectories are meeting each other in just two trivial areas. This is identifying the difference between the LM-63 and SLM-63 in their time evolution.
Hitherto the forecast step or measurement step of the EnKF is implemented on the situation of the case study. To reach to the aim of this study there is a need to gain the causal probability. This would be fulfilled by the analysis step of the EnKF. As mentioned before this phase do this task as a maximum likelihood in a few sub-steps. First is combination of PDFs of the true states with the observation all in one. This is performed for all 2700 days of DJF (winter time) of the time interval of the study in its LM-63 and SLM-63 i.e. counterfactual and factual parallel worlds. The figure (8.4) displayed the results of the combination in two very dense figure of the three PDFs with the observation.
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Fig. 4.7. the displayed figures of the analysis step of the EnKF for the LM-63 and SLM-63 as the counterfactual and factual worlds left to right respectively. As it is clear from the left figure the resulted graph for the LM-63 in the context of EnKF filtering showed a very dense but non-smoothing shape and irregular with an ambiguous iteration in its evolution in time. Although in the factual world, EnKF showed a smoothing result with a clear iteration of the dynamical system. this comparison also showed the fact that the white noises which added to the model in its SLM-63 part is the causing of this smoothing and symmetric analysis. The coarse appearance of the left figure is the evidence of unpredictability of the occurrence of the extreme snow fall in Mazandaran province in a deterministic world but predictability of the event in the world of stochastics. The smooth and symmetric appearance are the prominent evidence. Above all these are the deterministic shapes of the defined random process to the model.
Please here note that the logic behind this results and is interpretations for the aim of this study is on the basis " the fractal geometry of nature" by B.B Mandelbrot (1982). So the may be called it ambitious aim of the future is on the Fractals representation of the dynamical system. which it seems that is a fairly certain road to solve the problem as it basically is on the chance and probability the readily displaying the noised in the phenomena that makes it unpredictable or so! The difference between these two PDF (FPE) generated graphs is that they are identifying the existence of an area of the phase space that is more likely to be reached in the factual than in the counterfactual world (Fig. 4.4). The note is that this result is due to the EnKF formulation which is illustrated in chapter 3 that is actually was a combination of the Monte-Carlo and Bayes' theorem. Then is initially and fundamentally random and probabilistic such as the climate by itself. According to algorithm of the EnKF the covariance matrix has an important role in the process of filtering. Since it is the identification of the amount and shape of the variations of the corresponding parameters in the phase space. Another reason is an evidence of the efficiency of the process on this case study of extreme snowfall of Mazandaran province. Figure (4.8) is the proof of this expressions for the counterfactual and factual worlds as below.
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Fig.4.8 the 3-D plot of the covariance matrix corresponding to the LM-63 (left) and SLM-63 (right) in the context of EnKF for the counterfactual and factual worlds respectively. The significance point of these figures is the distribution of the extreme observations in two worlds. This is shown that the SLM-63 has very more points than the LM-63.
Figure (4.8) is a clear evidence of the Advantages of the stochastic process on the deterministic proceed for the extreme attribution study in the context of climate change. The symmetric distribution of the produced points in the analysis step of the Ensemble kalman filter along with the observation points is an evidence of the efficiency of the SLM-63 model for the factual world than the LM-63 for the counterfactual world.

Then we are searching for sequences from both worlds in which an event did accrue, by identifying the leading direction of projections of the sequences in the phase space. Consequently, the goal is to identification of the maximum likelihood of the trajectory of the sequences in the phase space to be reached in the factual world than in the counterfactual one (if there existed). Therefore, it is clear that the probability of the event in the former is found to be higher than in the latter, namely p1 > p0. then the occurrence of an event in this context can be define mathematically as  {[image: image64.png]maxgp<rery0'yr = u
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 is the unit vector of forcing. The resulted graph of this process is showed by the figure (5.8). The main interpretation of this graph is the existence of the random noise for the constant forcing in the SLM-63 that caused the more likelihood of extreme snow fall occurrence in this part of the model than in the part of LM-63. The first as the factual and the second as the counterfactual worlds.
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Fig.4.9. the time series of the values of maximum likelihood of the occurrence of extreme snow fall in Mazandaran province in factual (up) and counterfactual (down). The main interpretation of this graph is the existence of the random noise for the constant forcing in the SLM-63 that caused the more likelihood of extreme snow fall occurrence in this part of the model than in the part of LM-63. The first as the factual and the second as the counterfactual worlds. The amount of predictability and attributability to the forcing which is represented as the net radiation flux is also clear. This is actually a display of the log likelihood result of the proposed likelihood function in chapter three? More illustration in the text.

This is the enlightening form of the process because it from a causal perspective. And that is due to the fact that the related necessary and sufficient probabilities for the causation of the events are positive. Figure (4.9) is resulted from the trajectories associated with the event in two worlds appear to have distinct features. The positive part as the factual and the negative part as the counterfactual worlds. The amount of predictability and attributability to the forcing which is represented as the net radiation flux is also clear.

The likelihood (maximum) function is transformed of the probability for a single point in theoretical way. Here this is defined as ML0 and ML1 for the counterfactual and factual world which is the basis for the calculation of three required probabilities of necessity, sufficiency and necessity and sufficiency in the context of causal attribution theory. This is done by the help of Bayes theorem since the conditional relation between the three parameters of the study is the main foundation and also the end is the causal attribution to the forcing as the net radiation flux by the connection of mean temperature to the extreme snow fall. For clarification the end formulation is brought here as;        
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                                                                                                   (4.1) The numerator is the model promise and denominator is the end result. This rooted in the theorem of total probability and is a inferential approach that concentrate on x. in fact taking the logarithm of the likelihood function in its Gaussian assumption yield this result such that the maximum likelihood of the Fig.9.4 is actually the log likelihood results of the proposed likelihood function. for more refer to the section 3.  As illustrated in the previous sections the main theoretical concepts of this study are LM-63 and SLM-63 dynamical models which was selected to bring us the factual and counterfactual worlds.  The resulted and depicted proposed figures of were going to do a compression in respect of these two near real time worlds. The critical part was the corresponding trajectories of the state vector xt simulated under factual conditions namely in the presence of the additional forcing. This is also perturbed by the white noises to stochastically guarantee the required situation. Then this trajectory along with the observations yt that is showed by the figure (4.4) in T=2700 (0f DJF days) are combined by the process of the EnKF to brought us the log likelihood of the occurrence of extreme snowfall with the defined forcing in the context of chaotic model of Lorenze-63.

The EnKF is used to assimilate these observations into a model of factual world p=1 consequently it matches the forecast/measurement model used in the simulation step then a reconstructed trajectory is obtained from corresponding analysis step. Also the Maximum likelihood which defined as [image: image71.png]ML, 1 (ve)



to attribute to the state vector xt. this is showed in the figure (8.4).  Note that the required assimilation is done in the counterfactual and factual models to obtain corresponding trajectories, from the same observation namely one time with the SLM-63 and observation and one time with the LM-63 and observations. The corresponding likelihoods are LM0 and LM1 for the counterfactual and factual respectively. the figure (8.4) is illustrating this point. The local differences between the estimated likelihood of two trajectories of LM-63 and SLM-63 are showed in the figure (8.4). consequently, they are the instant inconsistencies between the associated factors of the ML (x, y). the cumulative difference is also identified by the figure which is a distinct gap between the results of the factual and counterfactual models.

The last step of the whole calculation for this study was the computation of the probability of occurrence with respect to data assimilation results (log likelihood) in the context of EnKF. This is done by the change in the pearl (2000) definition of necessity and sufficient and necessity and sufficient conditions for the causation then attribution.   
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Figures of (4.10) is the probability graph of causation according to the PN, PS and PNS by their corresponding mean with a remarkable grows over time for the probability of necessity.
Fig.4.10 the computed probability of necessity, sufficiency and probability of necessity and sufficiency over the time interval of 2700 days of DJF from 1987-2017 for the extreme snow fall of Mazandaran province with respect to their corresponding forcing. These three graphs are showing the time distribution of the related probabilities over the time period. The probability of necessity possesses the greater values the probability of sufficiency has the most least values and the probability of necessity and sufficiency has the lesser values.

5. conclusion

The probability of sufficiency showed the most least values due to the fact that this probability according to the pearl (2000) is the probability of causation without the causes that lead to the occurrence of the event in its probability of necessity. Therefore, in this case of study this is the probability of extreme snow fall in Mazandaran province without the defined forcing (net radiation flux as the forcing of all; as it is common in attribution studies).  The probability of necessity is then the probability of extreme snow fall in Mazandaran province in the presence of the defined forcing. This probability with its greater values is as an evidence of the whole calculations in this study along with the two others as its complement actually. The probability of the necessity and sufficiency is actually the probability of extreme snow fall in Mazandaran province with and without the defined forcing for this study. However, it still has very greater values than probability of sufficiency due to the great influence of the values of the probability of necessity. The mean values of theses probabilities are also computed in the table below.

	PN
	PS
	PNS

	0.8978
	0.1942
	0.4519


Table.4.1 the mean values of the computed PN, PS, and PNS. These probability values are doing so as the p-value in the conventional approaches of Attribution of climate change.

he meaning of the table (4.1) is that the extreme snow falls of Mazandaran province with the probability of necessity value of 0.8978 is attributable to the fluctuation of the intensity of the defined forcing (net radiation flux) in relation with the mean temperature(air) for the period of this study. It also is attributable to the other forcing in its value of probability of sufficiency in the value of 0.1942 and to its value of probability of necessity and sufficiency in the value of 0.4567. 

These all together is the end result of the computation for this case of study about the attribution of extreme snow fall in Mazandaran province. So then according to this study the extreme snow falls of Mazandaran province in the 30 years of 1987 -2017 of DJF (winter time) is attributable to the fluctuation of the intensity of net radiation flux that caused the fluctuation of the intensity of mean temperature (air) in the general view of this study with its experimental but modified dynamical model of Lorenz-63 in the context of the EnKF.

This study had two main purposes. The first one was the practice of the illustrated method instead of complex climate models in real case with a general view of parameters, physical, mathematical approaches. However, the cause and casual theory of the Pearl (2000) is the main thread which gather all of them.  And the second one was the a more ambitious aim and that is also for now and future. EnKF was implemented as data assimilation technique to provide the required maximum likelihood based on the mentioned PDFs. This study was trying to find causal links between the change in net radiation flux as climate forcing (forcing of all) and the change in mean temperature (air) with the extreme snow fall of Mazandaran province. This is called detection and attribution in climate studies as well. Therefore, it searched for the probability change of the occurrence of extreme snow fall in Mazandaran province with change in mentioned forcing i.e. net radiation flux that caused the change in mean temperature (air) and that caused change in probability of extreme snow fall in the region.

 5.1 Discussion and suggestions 

From the illustrated points and theoretical basis of this study it can be interpreted that the randomness and noisy behavior of the climate system is clear  and it is clear that because of the complexity of the system not the dynamic and no the physics of the system can be illustrated by the conventional deterministic methods as the climate system is an open and extended system not a closed system and easily prone to noises.so then the approach which can be helpful in practice is interring to the world of fractal geometry since it is rooted on probability not on the determinism and more importantly provide an iterated but random shapes. This by itself explain the fact that the causes are there but the intensity is differing randomly. Then one the main tools which is very practical in this context is the development of the numerical solutions of stochastic differential equations instead of ODEs or PDEs.  SDEs are the extension of ODEs in the realm of noises. In fact, the errors do not calculate separately but is a part of the system. According to the Brownian motion this noises are random sense the motion is random as well in a microstate scale. Then According to the butterfly effect theory and cause' and also causality the randomness is a natural and inseparable part of any natural system. 

Climate system is a natural system it must be random and governed by probability. Then we are faced with a stochastic not deterministic system. Then we need to move on the house of SDEs and random process instead of ODEs. According to the Mandelbrot (1982) most of the nature is irregular and random so the geometry of it is fractals not the Euclid. The simplest and more practiced model for the start of a novice researcher which has this property and the property of the last paragraphs is the Lorenz-63 chaotic dynamical model.

In fact, in this study the motivation of the usage of this model for a long time of period is that the SDE system of it is also practiced in literature and plenty of paper and books worked on it even the Mandelbrot in his book of " fractal geometry of nature". According to the above discussions walking on the path of fractals is the way of success for climate modeling which also is a low cost approach.so the main task is developing numerical methods for solving SDEs in a large scale system such as climate. So if you can display the suitable fractal of the case study in this context you are home. The main method presented here were ODEs system vs. SDE system as the factual and counterfactual worlds. The reason for this parallel selection of worlds instead of having a long time period such as 100 years is that the real presented data of climate system is not so long as this and the Brownian motion in the system do not allow to an exact or near production of UNSEEN data! Another reason is that weather forecasting in current models is on the 5 days of certainty then how the climate models in current generations can predict the far future! Then period of the study is separated to two parallel words of 30 years (DJF of 1987-2017) in near real time with certain near real data. 

Such as statistical mechanics the ensembles concept is used. Then the probability of occurrence of extreme snow in an ensemble of simulation by LM-63 and SLM-63 models. These models were representing the observed climate conditions which simulates the probability of occurrence of extreme snow fall in the real world i.e. SLM-63 with the probability of occurrence of the same event in a parallel world of ensemble of its simulations i.e. LM-63 as an alternative. In literature these worlds dabbed as factual and counterfactual worlds. If p1 and p0 be the be the probability of occurrences in the factual and counterfactual world respectively. Then the probability of necessity, the probability of sufficiency and probability of necessity and sufficient for the causation of extreme snow fall of Mazandaran province can be derived as pearl (2000). Although in this study this is turned to the likelihood instead of probability in the context of EnKF as the data assimilation technique. This part is dedicated to the future enhancement of the whole process in general and the method of this study in particular. However, this is actually not possible to overcome all the area, a brief review would be helpful.

Climate change research and its detection and attribution for the extreme weather and climate events is in progress. However most of the current research is on the mere statistical method developments this study argued that with this approaches such as fingerprint methods or storyline methods which are regression based and frequency based methods a great part of the problem left unseen! That is there is need to better understanding and modeling of the physics of the process. Although it is clear that understanding the whole process of the climate system is very time consuming and may be impossible but working on the classical theories and expect a modern result seems strange! Event with the aid of super computers. Therefore, as the modern physics declare the non-equilibrium and entropy increase of the whole universe, the climate system as a tiny part of this whole is sharing this property. Then we are dealing with a non-equilibrium, dissipative, chaotic, random and probabilistic system which uncertainty is a part of this system not something in outer space. Then as in it local and global view this study shown that the stochastic approaches and developing the numerical methods along with a serious attention to the "fractal geometry of nature" and climate as a part of it we can consider the problem, in a sound way. However, the significant case study of Lyapunov exponents is an interesting field. Although it is more placed in the deterministic world of computation, its combination with probability case would have more interesting result for the development of stochastic climate theory and models. 
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